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Abstract
It is by now well established that non-relativistic matter in the
Universe is dominated by dark matter, the origin and nature of which
still remains a mystery. Although the collisionless dark matter paradigm
works very well at large distances, a few puzzles at galactic scales arise.
These problems may be tackled assuming a self-interacting dark mat-
ter. If dark matter is accumulated inside a star it will modify its
evolution and its properties, such as mass-to-radius profiles and fre-
quency oscillation modes. Asteroseismology is a relatively new, pow-
erful tool that allows us to constrain dark matter models, offering
us complementary bounds to the results coming from other means,
such as collider or direct searches. I will present here the main results
we have obtained assuming that the dark matter particle is a boson,
which inside a star is modelled as a Bose-Einstein condensate with
a polytropic equation-of-state. We have computed i) the radial and
non-radial oscillation modes of light clumps of dark matter made of
ultra light repulsive scalar fields, and ii) the mass-to-radius profiles as
well the frequencies of radial modes of admixed dark matter strange
quark stars.
Keywords: Composition of astrophysical objects; Asteroseismology; Self-
interacting dark matter; Bose-Einstein condensates.
PACS: 04.40.Dg, 67.85.Jk, 95.30.Sf, 95.35.+d
1 Introduction
Since the pioneer work of F. Zwicky about the dynamics of the Coma galaxy
cluster in the 30’s [1], and the observations made by V. Rubin to determine
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the rotation curves of galaxies a few decades later [2], we are convinced that
most of the non-relativistic matter in the Universe is dark, usually referred
to as cold dark matter. In modern times current well-established data
coming from many different sources confirm the existence of dark matter
[3], although its nature and origin still remains a mystery. For a review
on dark matter see [4, 5], and for recent reviews on dark matter detection
searches see [6, 7, 8].
Usually dark matter (DM) in the standard parametrization of the Big-
Bang cosmological model is assumed to be made of weakly interacting
massive particles, a conjecture which works very well at large (cosmologi-
cal) scales (≥Mpc), but encounters several problems at smaller (galactic)
scales, like the core-cusp problem, the diversity problem, the missing satel-
lites problem and the too-big-to-fail problem [9]. These problems may be
tackled in the context of self-interacting dark matter [10, 11], as any cuspy
feature will be smoothed out by the dark matter collisions. In addition, if
dark matter consists of ultralight scalar particles with a mass m ≤ eV , and
with a small repulsive quartic self-interaction a Bose-Einstein condensate
(BEC) may be formed with a long range correlation. This scenario has
been proposed as a possible solution to the aforementioned problems at
galactic scales [12, 13, 14].
Boson stars are star-like, self-gravitating bosonic configurations, where
bosons are exclusively trapped in their own gravitational potentials. Boson
stars have been studied in [15, 16, 17, 18, 19, 20, 21, 22, 23], see also
[24, 25, 26, 27] for Newtonian self-gravitating Bose-Einstein condensates.
The maximum mass of bosons stars in non-interacting systems was found
in [15, 16], while in [17, 18] it was shown that self-interactions can cause
significant changes. In [20, 21] the authors constrained the boson star
parameter space using data from galaxy and galaxy cluster sizes.
Unlikely many other forms of matter, compact objects [28, 29, 30],
which are formed at the end stages of stellar evolution, are unique probes
to study the properties of matter under exceptionally extreme conditions.
The matter inside such objects is characterized by ultra-high matter den-
sities for which the usual classical description of stellar plasmas in terms
of non-relativistic Newtonian fluids is inadequate. Therefore, such very
dense compact objects are relativistic and as such, they are only properly
described within the framework of Einstein’s General Relativity (GR) [31].
Strange quark stars [32, 33, 34, 35, 36, 37], at the moment hypothetical
objects, can be viewed as ultra-compact NSs. Since quark matter is by
assumption absolutely stable, it may be the true ground state of hadronic
matter [38, 39], and therefore this new class of relativistic compact objects
has been proposed as an alternative to typical NSs. In fact strange quark
stars may explain the observed super-luminous supernovae [40, 41], which
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occur in about one out of every 1000 supernovae explosions, and which
are more than 100 times more luminous than regular supernovae. One
plausible explanation is that since quark stars are much more stable than
NSs, they could explain the origin of the huge amount of energy released
in super-luminous supernovae. Many works have been recently proposed
to validate its existence in different astrophysical scenarios [42, 43].
It is well-known that the properties of stars, such as mass and radius,
depend crucially on the equation-of-state. Furthermore,the presence of DM
inside a star is expected to influence the structure, the evolution as well
as certain properties of the object, such as mass-to-radius profiles and fre-
quency oscillation modes. Even if dark matter does not interact directly
with normal matter, it can have significant gravitational effects on stellar
objects DM that can influence evolution and structure of compact objects
[44, 45, 46, 47, 48, 49, 50, 51, 52, 53, 54, 55, 56, 57, 58]. Given the recent
advances in Helioseismology and Asteroseismology in general, studying the
oscillations of stars and computing the frequency modes offer us the oppor-
tunity to probe the interior of the stars and learn more about the equation-
of-state, since the precise values of the frequency modes are very sensitive
to the thermodynamics of the internal structure of the star [59]. For previ-
ous works on radial oscillations of stars see [60, 61, 62, 63, 64, 65, 88, 67, 68]
and references therein.
2 Impact of DM on strange quark stars
In the first part of the presentation we discuss the impact of bosonic self-
interacting DM on properties of strange quark stars.
2.1 Mass-to-radius profiles
-Structure equations: We briefly review relativistic stars in General Rel-
ativity (GR). The starting point is Einstein’s field equations without a
cosmological constant
Gµν = Rµν − 1
2
Rgµν = 8πTµν (1)
where we have set Newton’s constant equal to unity, G = 1, and in the
exterior problem the matter energy momentum tensor vanishes. For matter
we assume a perfect fluid with pressure p, energy density ρ and an equation
of state p(ρ), while the energy momentum trace is given by T = −ρ+ 3p.
For the metric in the case of static spherically symmetric spacetimes we
consider the following ansatz
ds2 = −f(r)dt2 + g(r)dr2 + r2dΩ2 (2)
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with two unknown functions of the radial distance f(r), g(r). For the ex-
terior problem one obtains the well-known Schwarzschild solution [69]
f(r) = g(r)−1 = 1− 2M
r
(3)
where M is the mass of the star. For the interior solution we introduce the
function m(r) instead of the function g(r) defined as follows
g(r)−1 = 1− 2m(r)
r
(4)
so that upon matching the two solutions at the surface of the star we obtain
m(R) = M , where R is the radius of the star. The Tolman-Oppenheimer-
Volkoff (TOV) equations for the interior solution of a relativistic star with
a vanishing cosmological constant read [70, 71]
m′(r) = 4πr2ρ(r) (5)
p′(r) = −(p(r) + ρ(r)) m(r) + 4πp(r)r
3
r2(1− 2m(r)r )
(6)
where the prime denotes differentiation with respect to r, and the equations
are to be integrated with the initial conditionsm(r = 0) = 0 and p(r = 0) =
pc, where pc is the central pressure. The radius of the star is determined
requiring that the pressure vanishes at the surface, p(R) = 0, and the mass
of the star is then given by M = m(R).
-Two-fluid formalism: Now let us assume that the star consists of two
fluids, namely strange matter (de-confined quarks) and dark matter with
only gravitational interaction between them, and equations of state ps(ρs),
pχ(ρχ) respectively. The total pressure and the total energy density of the
system are given by p = ps + pχ and ρ = ρs + ρχ respectively. Since the
energy momentum tensor of each fluid is separately conserved, the TOV
equations in the two-fluid formalism for the interior solution of a relativistic
star with a vanishing cosmological constant read [72, 73]
m′(r) = 4πr2ρ(r) (7)
p′s(r) = −(ps(r) + ρs(r))
m(r) + 4πp(r)r3
r2(1− 2m(r)r )
(8)
p′χ(r) = −(pχ(r) + ρχ(r))
m(r) + 4πp(r)r3
r2(1− 2m(r)r )
(9)
In this case in order to integrate the TOV equations we need to specify
the central values both for normal matter and for dark matter ps(0) and
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pχ(0) respectively. So in the following we show the mass-radius diagram
for a certain value of the constant K = 2πl/m3χ and for fixed dark matter
fraction
ǫ =
pχ(0)
ps(0) + pχ(0)
(10)
and we consider four cases, namely ǫ = 0.02, 0.035, 0.05, 0.09. We have
chosen these values in agreement with the current dark matter constraints
obtained from stars like the Sun. Actually, as shown by several authors,
even smaller amounts of DM (as a percentage of the total mass of the star)
can have a quite visible impact on the structure of these stars [74, 75, 76].
As we discuss in this work even such small amounts of DM can change the
M −R relation of neutron stars.
-Equation-of-states: For the condensed dark matter we shall consider
the equation of state obtained in [77], namely Pχ = Kρ
2
χ, where the con-
stant K = 2πl/m3χ is given in terms of the mass of the dark matter particles
mχ and the scattering length l. In a dilute and cold gas only the binary
collisions at low energy are relevant, and these collisions are characterized
by the s-wave scattering length l independently of the form of the two-
body potential [77]. Therefore we can consider a short range repulsive
delta-potential of the form
V (~r1 − ~r2) = 4πl
mχ
δ(3)(~r1 − ~r2) (11)
which implies a dark matter self interaction cross section of the form σχ =
4πl2 [52, 77]. Following previous studies we fix the scattering length to be
l = 1fm [52, 77], and for σχ/mχ we apply the bounds discussed in the
Introduction
0.45
cm2
g
<
σχ
mχ
< 1.5
cm2
g
(12)
which then implies the following range for the mass of the dark matter
particle
0.05GeV < mχ < 0.16GeV (13)
and thus for the constant K
4
B
< K <
150
B
(14)
where now the constant K is given in units of the bag constant. Our main
results are shown in figures 1 and 2. In Fig. 1 we show the mass-to-radius
profiles for K = 4/B and for ǫ = 0.02, 0.05, 0.09, while in Fig. 2 we show
the profiles for K = 150/B and for ǫ = 0.02, 0.035, 0.05. The standard
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curve corresponding to no DM (in black) is shown as well for comparison
reasons.
For strange matter we shall consider the simplest equation of state cor-
responding to a relativistic gas of de-confined quarks, known also as the
MIT bag model [78, 79]
ps =
1
3
(ρs − 4B) (15)
and the bag constant has been taken to be B = (148MeV )4 [80].
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Figure 1: Mass-to-radius profile for K = 4/B.
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Figure 2: Mass-to-radius profile for K = 150/B.
2.2 Radial oscillations
If δr is the radial displacement and δP is the perturbation of the pressure,
the equations governing the dimensionless quantities ξ = δr/r and η =
6
δP/P are the following [81, 82]
ξ′(r) = −1
r
(
3ξ +
η
γ
)
− P
′
P + ǫ
ξ (16)
η′(r) = ξ
[
ω2r
P + ǫ
P
eλ−A − 4P
′
P
− 8π(P + ǫ)reλ + r(P
′)2
P (P + ǫ)
]
+ η
[
− ǫP
′
P (P + ǫ)
− 4π(P + ǫ)reλ
]
(17)
where eλ, eA are the two metric functions, ω is the frequency oscillation
mode, and γ is the relativistic adiabatic index defined to be
γ =
dP
dǫ
(1 + ǫ/P ) (18)
Figure 3: Eigenfunctions ξ vs r/R.
The system of two coupled first order differential equations is supple-
mented with two boundary conditions, one at the center as r → 0, and
another at the surface r = R. The boundary conditions are obtained as
follows: In the first equation, ξ′(r) must be finite as r → 0, and therefore
we require that
η = −3γξ (19)
must satisfied at the center. Moreover, in the second equation, η′(r) must
be finite at the surface as ǫ, P → 0 and therefore we demand that
η = ξ
[
−4 + (1− 2M/R)−1
(
−M
R
− ω
2R3
M
)]
(20)
7
Figure 4: Eigenfunctions η vs r/R.
Figure 5: Large frequency separation.
must satisfied at the surface, where we recall that M,R are the mass and
the radius of the star respectively. Using the shooting method we first
compute the dimensionless quantity ω¯ = ωt0 where t0 = 1ms. Then the
frequencies are computed by
ν =
ω¯
2π
kHz (21)
Therefore, contrary to the previous hydrostatic equilibrium problem, which
is an initial value problem, this is a Sturm-Liouville boundary value prob-
lem, and as such the frequency ν is allowed to take only particular values,
the so-called eigenfrequencies νn. Each νn corresponds to a specific radial
oscillation mode of the star. Accordingly, each radial mode is identified
by its νn and by an associated pair of eigenfunctions – the displacement
perturbation ξn(r) and the pressure perturbation ηn(r). Our main results
are shown in figures 3, 4 and 5. In particular, in Fig. 3 we show several
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eigenfunctions ξn (n=0,1,2,10,11,18,19) versus normalized coordinate dis-
tance r/R, in Fig. 4 we show several eigenfunctions ηn (same values of n),
and in Fig. 5 we show the large frequency separation ∆νn = νn+1 − νn
versus frequencies in kHz for 3 cases, namely i) no DM (red color), 5% of
DM (black color) and 12% of DM (grey color).
3 Newtonian stars made of ultralight repulsive
DM
Equation-of-state: The perturbative Lagrangian of a relativistic real scalar
field φ is given by
L = 1
2
∂µφ∂
µφ− V (φ) (22)
where the scalar potential is of the form
V (φ) =
1
2
m2φ2 +
1
24
m2
F 2
φ4 + ... (23)
and where we consider renormalizable theories only, ignoring all higher
order terms. In this work the scalar field is identified with any pseudo-
Goldstone boson. The sign of the quartic self-interaction is taken to be
positive since we assume a repulsive self-interaction for the Dark pseudo-
Goldstone boson. Therefore, the model assumed here is characterized by
two unknown mass scales, namely the mass of the scalar particle, m, as
well as the decay constant, F ≫ m, arising from the spontaneous breaking
of some global symmetry. Unfortunately, it turns out that it is not easy
to obtain scalar field models with a tiny mass and a repulsive force within
known Particle Physics, although some attempts have been made [83]. In
the following, without relying on concrete Particle Physics models, we shall
assume that this is possible, and we shall study radial oscillations of objects
made of Dark pseudo-Goldstone bosons.
The above scalar potential combined with the Gross-Pitaevskii equation
[84, 85, 86], also known as non-linear Schro¨dinger equation, leads to the
following equation-of-state for the ultralight pseudo-Goldstone boson [83,
87]:
P (ǫ) = Kǫ2 (24)
where the constant K is computed to be [83, 87]
K =
1
(2Λ)4
(25)
where a new mass scale Λ ≡
√
mF has been introduced.
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-Hydrostatic equilibrium: Since the axion star is non-relativistic de-
scribed by a polytropic EoS, to study the hydrostatic equilibrium one has
to solve the non-relativistic version of the Tolman-Oppenheimer-Volkoff
(TOV) equations [70, 71]
m′(r) = 4πr2ǫ(r) (26)
for the mass function, and
P ′(r) = −ǫ(r)m(r)
r2
(27)
for the pressure, where the prime denotes differentiation with respect to the
radial coordinate r. Combining these two equations we can derive a single
second order differential equation, known as the Lane-Emden equation [28]
d
dx
(
x2
dθ
dx
)
= −x2θ (28)
with the initial conditions θ(0) = 1 and dθ/dx(0) = 0, where the new
variables are defined as follows
x =
r
a
(29)
and
θ =
ǫ
ǫc
(30)
with ǫc being the central energy density, while a is given by a =
√
K/2π.
It is easy to verify that the solution
θ(x) =
sin(x)
x
(31)
satisfies both the Lane-Emden equation and the initial conditions. There-
fore, the energy density as a function of the radial coordinate is given by
ǫ(r) = ǫc
sin(r/a)
(r/a)
. (32)
The above equation is valid for the radius varying from r = 0 until the first
zero of the function ǫ(r), therefore the function ǫ(r) varies between ǫc and
0. Finally, the mass M and the radius R of the star are given by
M = 4πǫca
3
∫ pi
0
dxx2θ(x) (33)
R = πa (34)
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Clearly, only the mass of the star depends on the central energy density,
while the radius is fixed. This happens only in the special case n = 1,
whereas in general both M and R depend on the central energy density.
This can also be seen in the mass-to-radius profile for Newtonian boson stars
with repulsive forces as shown in the work of Chavanis and collaborators
(see Fig. 2 of [26] and Fig. 4 of [27]).
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Figure 6: Radial oscillations: Acoustic potential vs acoustic time.
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Figure 7: Radial oscillations: Eigenfunctions vs acoustic time.
3.1 Radial oscillations
In the first part of the presentation we presented the first order system
of two coupled equations for the perturbations of a pulsating star. Here,
however, we prefer to work equivalently with a second order differential
equation used in [88]
− f2ζ ′′ +Gζ ′ + (H − ω2)ζ = 0, (35)
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Figure 8: Radial oscillations: Large frequency separation in mHz.
supplemented with the boundary conditions at the origin r = 0 and at the
surface of the star r = R: ζ(r = 0) = 0 and δp(r = R) = 0. In the previous
equation ζ = r2e−A/2ξ, with eA ≡ gtt being the temporal component of the
metric tensor, while the background functions f , G an H are given by
f2(r) =
γPeA−λ
P + ǫ
, (36)
G(r) = − f
2
γP
[
γP
2
(λ+ 3A) + (γP )′ − 2γP
r
]
, (37)
H(r) = − f
2
γP
[
4P ′
r
+ 8πP (P + ǫ)eλ − (P
′)2
P + ǫ
]
, (38)
and finally the perturbation of the pressure can be computed as
δp(r) = −e
A/2
r2
(ζP ′ + γPζ ′). (39)
The Sturm-Liouville boundary value problem at hand can be treated
equivalently as a quantum mechanical problem by recasting the second
order differential equation for ζ into a Schro¨dinger-like equation [89] of the
form
d2ψ
dτ2
+
[
ω2 − U(τ)]ψ = 0, (40)
where the new variables τ and ψ are defined as acoustic radius τ =
∫ r
0 f
−1(z)dz
and ψ(τ) = ζ/u. The effective potential is found to be
U = H +
Π2
4
+
fΠ′
2
, (41)
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where the function Π is given by Π = −f ′ −G/f while u is determined by
the condition u′/u = −Π/(2f).
The acoustic potential with the first 5 eigenvalues, the corresponding
eigenfunctions as well as the large frequency separation in mHz are shown
in the figures 6, 7 and 8, respectively.
3.2 Nonradial oscillations
Linear adiabatic acoustic perturbations in the Cowling approximation [90],
where the perturbations of the gravitational potential are neglected, are
described by the following equation [91]
ζ ′′(r) +
(
2
r
+
2ǫ′(r)
ǫ(r)
)
ζ ′(r) +
(
ω2n,l
c2s
− l(l + 1)
r2
)
ζ(r) = 0 (42)
where cs is the speed of sound defined by c
2
s = dP/dǫ, ωn,l (= 2πνn,l) are the
discrete eigenvalues, l > 0 is the degree of angular momentum (or degree
of the mode), and n = 0, 1, 2, ... is the overtone number (or radial mode).
The Sturm-Liouville boundary value problem at hand can be treated
equivalently as a quantum mechanical problem by recasting the second
order differential equation for ζ into a Schro¨dinger-like equation [89, 92, 93]
of the form
d2ψ
dτ2
+
[
ω2 − Ul(τ)
]
ψ = 0. (43)
Introducing the functions
A(r) =
2
r
+
2ǫ′(r)
ǫ(r)
, (44)
Hl(r) = cs(r)
2 l(l + 1)
r2
, (45)
and
P (r) = A(r)cs(r)− c′s(r). (46)
The new variables τ and ψ are defined as follows
ψ(r) =
ζ(r)
u(r)
(47)
where u satisfies the condition u′/u = −P/(2cs), and τ is the acoustic time
τ =
∫ r
0
c−1s (z)dz. (48)
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Finally, the effective potential is found to be
Ul(r) = Hl(r) +
(
P (r)
2
)2
+
cs(r)P
′(r)
2
, (49)
and we thus obtain the effective potential as a function of the acoustic time
in parametric form τ(r), Ul(r).
The acoustic potential with the first 7 eigenvalues, the corresponding
eigenfunctions as well as the large frequency separation in mHz for l = 2
are shown in the figures 9, 10 and 11, respectively.
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Figure 9: Non radial oscillations: Acoustic potential vs acoustic time for
l = 2.
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Figure 10: Non radial oscillations: Eigenfunctions vs acoustic time for
l = 2.
4 Conclusions
In this presentation we have presented results of our work on properties of
self-interacting scalar field dark matter in two respects. In particular, in
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l = 2.
the first part we studied the impact of dark matter on the mass-to-radius
profiles as well as on the radial oscillation modes of non-rotating, spherically
symmetric strange quark stars in which dark matter is accumulated. Then,
in the second part we studied radial and non-radial oscillations of self-
gravitating bosonic (star-like) configurations.
Strange stars are hypothetical compact objects that are supposed to be
much more stable than neutron stars, and thus could explain the super lumi-
nous supernovae. For the star interior problem we have solved numerically
the Tolman-Oppenheimer-Volkoff equations in the two-fluid formalism. For
strange matter we have assumed the simplest version of the MIT bag model
(radiation plus the bag constant), while if dark matter is modelled inside
the star as a BEC, it can be described by a polytropic equation of state
with index n = 1. We have shown the mass-radius diagram assuming that
strange stars are made of up of (5−10) % of dark matter. We conclude that
if strange stars do exist, and if they accumulate dark matter, our findings
limit in a certain way the radius and the mass of these compact objects.
After that we studied the radial oscillations of dark matter admixed
strange stars. Integrating numerically the equations for the perturbations
we solved the corresponding boundary value problem to compute the first
11 frequency radial modes for three stars with the same mass and radius,
but with different dark matter amounts. The large frequency separation
were computed as well, and we showed them for all three models in the
same plot for comparison reasons so that the impact of dark matter could
be inferred.
In the second part we studied radial oscillations of Dark BEC stars made
of ultralight repulsive scalar particles in the Fermi-Thomas approximation.
Using the known background solution to the Lane-Emden equation for a
15
Newtonian polytropic star with index n = 1 we solved the Sturm-Liouville
boundary value problem for the perturbation with the shooting method.
We have computed the fundamental as well as several excited modes for
two different star masses, and we have shown graphically i) several eigen-
functions corresponding to the first three and two highly excited oscillation
modes, and ii) how the large frequency difference varies with the frequencies
themselves. In addition, we have reformulated the boundary value prob-
lem equivalently by writing down a Schro¨dinder-like equation, and we have
shown the effective potential together with the first five values of ω2.
Finally, we have studied non-radial oscillations of bosonic configurations
made of ultralight repulsive scalar particles in the Cowling approximation.
For three different values of the angular degree l = 1, 2, 3 we have com-
puted the lowest frequencies, several associated eigenfunctions, and the ef-
fective potential in the equivalent description in terms of a Schro¨dinder-like
equation. The large frequency separations are shown as well. In all three
cases, like in the radial oscillation case, for the higher excited modes the
large separation tends to a constant determined entirely by the mass scale
Λ =
√
mF , where m is the mass of the scalar field and F is a high mass
scale that determines the self-interaction coupling constant in the scalar
potential.
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